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Abstract 



A map between string junctions in the affine 7-brane backgrounds and vector bun- 
dles on del Pezzo surfaces is constructed using mirror symmetry. It is shown that the 
lattice of string junctions with support on an affine 7-brane configuration is isomor- 
phic to the K-theory group of the corresponding del Pezzo surface. This isomorphism 
allows us to construct a map between the states of the J\f = 2, D=4 theories with E^ 
global symmetry realized in two different ways in Type IIB and Type IIA string theory. 
A subgroup of the 5L(2,Z) symmetry of the Eg 7-brane background appears as the 
Fourier-Mukai transform acting on the D-brane configurations realizing vector bundles 
on elliptically fibered Bg. 



1 Introduction 



The study of D-branes has provided important insights into non-perturbative aspects of 
string theory as well as supersymmetric gauge theories. Supersymmetric field theories are 
realized in string theory either as the effective world-volume theory of a configuration of D- 
branes or as the theory on the transverse space after compactification on some appropriate 
manifold. In the later case D-branes wrapped on various cycles of the compactification 
manifold give rise to particles and non-critical strings in the gauge theory. Thus D-branes 
provide a geometrical description of states in the supersymmetric gauge theories. 

Along the process of realizing QFT's as effective models in string theory, previously unknown 
exotic SUSY theories have also been found. An example is the A/" = 1 six dimensional E^ 
theory |l|, ^, ||, §, |, ||, 0] whose compactification on a torus leads to A/" = 2 theories with E^ 
global symmetry |^ . These four dimensional theories and their spectra are the focus of our 
paper. Since there are different ways of obtaining effective field theories in string theory, some 
models can be realized in different ways. Our aim is to compare two different realizations 
of the same theory, namely d = 4, Af = 2 SYM theory with E]sr global symmetry which 
arises both as the worldvolume theory of a threebrane in IIB (or F-theory) [^, |TU|, [TT|, |T^ 
near a particular set of 7-branes, and as the compactification of IIA on a CY threefold 
T^, 0, |n|, 1^, |T3[ with a shrinking del Pezzo surface in it. In this paper we will construct 



the precise map between the spectra of the two different realizations of the theory. 

We will first review both constructions. The states in the IIA theory on the transverse space 
are obtained by wrapping D-branes on various cycles in the del Pezzo and the description of 
the spectrum consists of the classification of sheaves on the surface. On the Type IIB side 
the states of the D3-brane world-volume theory are (p, q) strings and string junctions with 
support on 7-branes and the D3-brane. In the next section we explain that both the image 
of the sheaves in the K-theory group and the junctions form a lattice. In the third section an 
isomorphism between these two lattices is established and in the last section an application 



of this isomorphism is given which identifies the Fourier-Mukai transform |16| of sheaves on 
Bg with the SL[2, Z) symmetry of the dual brane configuration in IIB. 



2 J\f =2 theories with En global symmetry 

2.1 Compactification of IIA 

We begin by reviewing how c? = 4, A/" = 2 field theories with exceptional global symmetry 
can be be realized in IIA string theory. Of the several ways involving the low energy limit 



of D-brane configurations or compactifications we use the approach commonly referred to 
as geometric engineering. Compactification of IIA string theory on a non-compact CY 
threefold with a shrinking 4-cycle X gives rise to a low energy theory with 8 supercharges on 
the transverse space, whose spectrum is determined by the homology of that 4-cycle. When 
the shrinking manifold is a del Pezzo surface, the low energy theory acquires exceptional 
global symmetry because the lattice of 2-cycles contains the root lattice of an exceptional 
algebra and thus admits the action of the corresponding Weyl group. 

The states of the field theory are obtained from IIA D-branes wrapping various submanifolds 
of X: DO's on points, D2's wrapping 2-cycles and D4's on X itself. A configuration of Q D4- 
branes is a U{Q)-hnnd\e on X with instanton number given by the number of DO's and first 
Chern class being the Poincare dual to the homology class wrapped by D2-branes [|l^, |18 



Proper description of these D-brane configurations requires the more sophisticated notion of 
sheaves on X |19|, ^ . This becomes essential if configurations with and without D4-branes 
are to be dealt with on equal footing. BPS states arise from supersymmetric configurations of 
D-branes. Wrapped D4-branes with immersed lower dimensional branes correspond to semi- 
stable torsion-free sheaves on X [|Ty|Q while a generic configuration is described by a coherent 
sheaf which is reducible to torsion and semi-stable torsion-free components corresponding to 
non-immersed branes. 

A del Pezzo surface A" is a two complex dimensional manifold constructed by blowing up A^ 
points on P^ or A — 1 points on JP^ x P^, where A < 8. We denote these two families as 
Bn and Bn, respectively; moreover Bn = Bn for A > 1, and thus it is sufficient to consider 
i3i = P^ X P^ and ;Bjv for A = . . . 8. The almost del Pezzo Sg is also known as ^KS ^ 
since it is an elliptically fibered manifold with a base 5 = P^ and twelve degenerate elliptic 
fibers. 



2.1.1 The homology of Bn and the En root lattice 

Bn<8'- The 2nd homology group H2{Bn) is A^ + 1 dimensional and is generated by the 
elements {/, ei, . . . , cat}, where I is the generator of H2{^^) and e^ (z = 1 . . . A^) are the 
exceptional curves. The intersection numbers are 

#(r/) = l, #(e, ■ e,) = -5,„ #(/-e,) = 0. (1) 

The canonical class is K^ = —31 + YliLi ^h it is used to define the degree of a 2-cycle S as 

ds^-#(A:g^-s), ^eH^iBN). (2) 

^In this case the sheaf is constructed from the sections of the holomorphic bundle. 



The homology lattice H2{B]sf) contains the root lattice F^v of the Ef^f algebra. To see this, 
identify the set of roots as A^v = {C G H2{Bn, Z)|*(C ■ C) = —2, dc = 0}, and choose the 
simple roots of E^, {3 < A^ < 9} as 

Cj = Cj - gj+i, i = 1 . . .N - 1 and Cat = / - d - 62 - 63, (3) 

their intersection numbers yield the E^ Cartan matrix. Using Q as basis elements, we can 
define the weight vector {a;*|i = 1 . . . N} and associate Dynkin labels Aj with each curve: 

*iu'-C,) = -6], X, = ~*iC-Q), i = l...N, (4) 

such that the curve and the self-intersection is given in terms of the corresponding weight 
vector: 



#(S-S) = -A-A + ^, ^eH2{BN<8,Z). 

Bg : Blowing up one more point we arrive at the final case we consider:;B9 = ^K3 which is 
not strictly speaking del Pezzo. It is however often referred to as almost del Pezzo having a 
nef (but not ample) anticanonical class. Since Bg is elliptically fibered we will use a different 
basis for H2{Bg). We denote the homology class of the base and the fiber by B and E 
respectively. With the choice of basis {Ci- ■ ■ Cg, B + F, B}, H2{Bg) = Tij^ © ( J _°J. In 
terms of the degree ds and c = *(i? ■ S) the curve S and its self-intersection number is given 
by 

#(S-S) = -A-A + d| + 2cds, ^eH2iBg,Z). ^' 

Since H2{Bg) contains the afiine Eg root lattice, it admits the action of the affine Eg Weyl 
group and all curves fall into representations of affine Eg such that d^ and c are the level 
and the grade of the representation respectively. 



2.1.2 The K-theory group of del Pezzo surfaces 

The K-theory group of Bn and Bi are given as ^2| : 

K{Bn) = Z @ ■ • ■ @ Z , K{Bi) = Z©Z©Z©Z. (7) 

Af+3 

The K-theory group K'^ of Bn (Bi) is generated by A^ + 3 (4) elements and being torsion 
free it is isomorphic to the even-degree integral cohomology group H*{Bn) {H*{Bi)). The 
map is given by 

K{X)3S — >di{S)eH*{X). (8) 



There is a natural bilinear form on K(A:') ||2^: let £^1^2 ^ K(A') then 

(fi, ^2) = f ch(fi ® ^*) A Td(A') 

= / ch(^i) A ch(S*) A TdfA") = f di(Si) A chf^s)'' A TdfA"), (9) 

where ^* is the dual bundle, Td{X) = l + ^ci{X) + ^{ci{Xy + C2iX)) and if v = ELo^^ ^i ^ 
H'^'{X) then w^ = ELo(-l)'^i- Let us writ(f] the Chern classes of £1,2 G K(A') as ch(£a) = 
(r^, Sa, ch2(£'a)); then we obtain^ 

(^1, ^2) = rir2 - #(Si • S2) + rich2(£:2) + r2ch2(£:i) + ^(r2dE, - rid^J. (10) 

An element (r, S, ch2) G H*{X) represents an equivalence class S of sheaves on X such that 
ch(^) = (r, S, ch2(^)) where ch2(^) = i#(E ■ E) - J;,C2{£). 

Note that this bilinear form is not symmetric, the antisymmetric part is given by the deter- 
minant 



{£,,£2)-{S2,Si) 



ri r2 

2 



dsi ds 



(11) 



With this bilinear form K{Bn) has signature (A^ + 1,2). This scalar product was also 
considered in |2^ where it was shown that for certain manifolds the matrix of scalar products 



of exceptional sheaves is the same as the soliton counting matrix ||2^ of the corresponding 
Landau- Ginzburg theory. We plan to explore the relation between the exceptional sheaves 
on del Pezzos, solitons of the corresponding A/" = 2 Landau- Ginzburg theories and string 
junctions living on affine 7-brane backgrounds further in the future. 



2.2 Probe theory in IIB 

Four- dimensional A/" = 2 theories can be realized as the world-volume theory of a D3-brane 
probe in the vicinity of some 7-branes of IIB string theory. The algebra of the 7-branes 
appears as the global symmetry in the 4d field theory. The states arise from strings and string 
junctions [p5| ] stretched between the D3 and (some of) the 7-branes and are characterized by 



the charges of each 7-brane. Viewing the setup as an F-theory compactification on K3, these 
states have the following geometrical interpretation. The position of the D3-brane singles 
out a fixed elliptic fiber £"* and the strings/junctions with a C) string segment ending on 
the D3-brane can be viewed as curves in the K3 whose boundary wraps the {p, g)-cycle of 

^We will use the same symbol for the 2-form and its dual 2-cycle. Thus "^{T^a ■ ^b) = Jx'^<^ ^ ^b- 



3 



/^ ci{X) A ci{X) = 9 - N 'And J^ C2{X) ^ N + 3 ior X ^ B_ 



N 



E^:. In the dual M-theory picture the selected elliptic fiber is wrapped by an M5-brane and 



the states arise from M2 branes wrapping the curves in K3 which end on the M5-brane [26 



The low energy field theory on the D3-brane in the vicinity of certain configurations of m 
7-branes is insensitive to the remaining 24 — m 7-branes |. For the sake of simplicity we might 
replace the K3 in our arguments by an elliptically fibered noncompact Ricci-fiat manifold 
A4m containing these m singular fibers only. Then the spectrum of the four dimensional 
probe theory is characterized by the curves of (the elliptically fibered) Aim with boundary 
on the selected elliptic fiber E^,, or the relative homology H2{Aim, E^,). The natural norm 
on this lattice is given by the self-intersection of the homology elements. The BPS states 
correspond to the holomorphic curves, which satisfy 

*{C-C)=2g~2 + b, (12) 

b and g being the number of boundary components on the E^, and the genus of the curve 
respectively. 

Let us now specify the particular 7-brane backgrounds of our interest. The well-known En 
Kodaira singularities (A^ < 9) can be understood in terms of A^ -|- 2 7-branes, of which at 
most A^ may be mutually local. A string (junction) state can be identified by specifying its 
charge with respect to each 7-brane (linking number [^] or invariant charge [Q) and thus 



is an element of an A^ + 2 dimensional lattice. To find the theories which are dual to the 
ones presented in the previous section, we need a lattice of one more dimension. As it was 
pointed out in ||2^, the relevant 7-brane background is obtained by adding an extra 7-brane 



to the En configuration so that it becomes En, which was studied in detail in |31|, ^ ^ 
and is summarized in the following subsections. The junction lattice of En, iT"^'^^^, is A^ + 3 
dimensional and is of signature (2, A^ + 1). 

2.2.1 En<9 

We consider the type IIB background with N + 3 non-local 7-branes of the configuration 
Etvo- The elliptic fibration of the corresponding F-theory manifold, Sn is characterized 
by the monodromy around the singular fibers which is encoded in the 7-brane charges [B4|. 



Denote a [p, q] 7-brane as X[p q], with corresponding inverse monodromyQ Kp^q = ( ^^^'^ ^^ ) 
Then Sn is defined in terms of the following 7-brane configuration^: 

(X[i,o])^ X[6 -i]X[_3,i] X[o,i] K^Sn) = {q ^ j, (13) 



*It was shown in 130] that the only 7-brane backgrounds which allow such a decoupling are the ones with 
elliptic or parabolic monodromy. 

^ Kp^g is the SL{2, Z) action felt by a string as it crosses the branch cut of the 7-brane. 

^This configuration is identical to En of [BS up to an overall transformation with T"* G SL{2, Z). 



K{S]sf) being the overall monodromy. If we remove the X[o,i]-brane, the remaining A^+2 
7-branes can be collapsed to the En Kodaira-singularity with overall monodromy and asso- 
ciated binary quadratic form JS^ : 



K{£n) 



1 9-iV 
-1 A^-8 



fEr,{P,q) 



p" 



9~N 



+ pq + q^. 



(14) 



Let us consider En first. In a suitable basis |2^ a junction can be written as J = Y^iLi \<^^ + 
puj'P + quj'^, and the self-intersection form on the homology lattice H2{£ni E^) factorizes such 
that the curve J with boundary wrapping the (p, g)-cycle of the £"* has norm 

(J,J) = -A|^ + /^,(p,g), (15) 

where A is a vector of the Ej^ weight lattice. Back to £n, the addition of the "affining" X[o,i] 
7-brane gives rise to one more basis element, which we call 5^~^'^' and choose to be a closed 



-1- 



string (oriented counterclockwise) encircling all of the 7-branes: 



N 



J2 \^' + P^^ + q^" + n5^-^'^\ 



i=l 



(J,J1 



-A|^ +2nq + fE^{p,q). 



(16) 
(17) 



In this case the norm does not factorize as in (|l^); the first two terms, however, can be 
regarded as the norm of a weight vector in the affine lattice E^. 



Eqns. ([15|) (|17|) determine the self-intersection number of a curve in S^ with boundary on 
the selected fiber. There is some ambiguity in extending this formula to mutual intersection 
between curves whose boundary wraps different cycles of the torus, which is resolved by 
specifying the contribution of the intersecting boundaries of two curves depicted in Fig. |I[ 
Linearity of the intersection number requires that if Ji and J2 wrap the {pi, qi) and {p2, ^'2) 





Figure 1: Two curves (junctions) whose boundary wraps intersecting cycles of the selected elliptic 
fiber. 

cycle of the T^ respectively, then the contribution from the boundary is 



{J 1 1 J 2 ) boundary — CI 



Pi P2 
91 92 



(^ J 2 ) " 1 / boundary 
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a] 



Pl P2 
91 92 



In [^ the contribution was postulated to be symmetric (a = |), which led to fractional 
intersection numbers in general. This is not suitable for us because the metric on the lattice 
of the dual theory is manifestly integral. We shall utilize the simplest integral choice: a = 1, 
so that (Ji, 32)boundary = Piq2-qiP2 and (J2, 3i)boundary = 0. Together with (0) this uniquely 
fixes the intersection matrix on the junction lattice which is straightforward to determine. 

Summary: A 3-brane parallel to the singular fibers of an F-theory compactification on a 
Sn manifold realizes a. d = 4, J\f = 2 theory whose states are characterized by an A^ + 3 
dimensional charge lattice equipped with following intersection bilinear form in the basis 

{ai\i = l,...,N;ujP,u\ 5(-i'°)}: 



f-^ 



N 



\ 



V 



9^ 1 

1 1 
10/ 



(19) 



where E^ is the Cartan matrix of the corresponding Lie algebra. 



2.2.2 E 



9 



Going beyond A = 8 in the series of the 7-brane configurations of (|T3D we encounter Sg which 
is special from numerous aspects. The overall monodromy is trivial and as a consequence, 
it admits two linearly independent closed strings encircling the 7-branes. It is useful to 
visualize the configuration in the following way: 



X[l,o] ((X[i_o]) X[6-l]X[_3_i] 



X 



[0,1] 



X[i,o] (Es) X[o,i] 



(20) 



and think about it as being "doubly affined" |^3|]. One possible basis for the lattice of 
junctions being supported on this configuration is 



^ W + pujP + quj'^ + m (5(-''°) + 712 5^°''^ 



i=l 



fJ,J) 



-A|g + 2^15 + 2n2P + fEsiP, q) 



= - A|g + 2niq + 2n2P + p^ +pq + q^, 
with intersection matrix in the basis {ai\i = 1, .., 8 ; cu^ , a;'' , S^~^'^^ , S^^'^^y is 

/ Es \ 

110 1 

110 

10 
V 10 0/ 



(21) 
(22) 



(23) 



2.3 3-cycles and string junctions 

Mirror symmetry relates type IIA string theory compactified on a Calabi-Yau threefold M 
to type IIB on the mirror manifold W ||3^. It follows from the interpretation of mirror 
symmetry as T-duality j^G], |3^ that the even cohomology classes of M are mapped to the 



odd cohomology classes of W and therefore the complexified Kahler structure parameters 



of M are exchanged with the complex structure parameters of W [^ . Vector bundles with 
characteristic classes represented by the even cohomology classes map to 3-cycles dual to the 
odd cohomology classes 



2.3.1 The mirror of a Calabi-Yau threefold containing Bg 

A Calabi-Yau threefold, M, containing Bg can be described as a double elliptic fibration over 



y-=x^i+U^^{z)xi + ge^,{z), i = l,2, (24) 

where z is the coordinate on the JP^. The total space of each fibration over the sphere 



defines a Bg surface. As shown in |^1[, this CY threefold can also be obtained by resolving 
the singularities of a Z2 x Z2 orbifold of T"^ x T"^ x T"^. If ^1,2,3 are the complex coordinates 
on the three tori then the orbifold action is given by [^ 

(6,6, 6) ^ (6 + h 6, -6) and (ei, 6, 6) ^(6,6 + 1, -6), (25) 

and the third torus becomes the JP^ after the identification. The holomorphic 3-form is 
il^^^ = dz^^^^^^ with z being the coordinate on the P^. To obtain the non-compact CY- 
threefold containing Sg, we decompactify the fiber of one of the elliptic fibrations by tak- 
ing its area to infinity i.e. we consider the limit of the complexified Kahler parameter 

B + iA^ p ^ ioo. 

The mirror threefold W is obtained by performing T-duality on one of the cycles of each 
torus. The decompactification limit of M then maps to the limit of W when the complex 
structure parameter r of the elliptic fibration goes to 200 which in effect decompactifies one 
of the cycles of the torus. The local model for this is given by 

yl-xl = {z-z^)- (26) 

Since we want the degenerate complex structure limit for the entire elliptic fibration, we 
adopt the above model globally over P^. The structure of W then is that oi a. T'^ x Si x IR 
fibration over a JP^ and the holomorphic 3-form becomes 



Qi3) = dz—— = ^1^(2) 



(27) 

yi X2 X2 

9 



where fi^^^ is the holomorphic 2-forin on Bg. Since the canonical bundle of Bg is non-trivial 
this holomorphic two form has zeros or poles at the 2-cycle dual to the first Chern class of 
the canonical bundle. The total space can be visualized as a double fibration over P^: the 
T^ fibration constitutes a Bg surface and a cylinder is also fibered over its base. At one point 
z^t: E JP^ the nontrivial cycle of the Sl x IR shrinks to zero size. We denote the elliptic fiber 
of Bg above this point by E^,. 




Figure 2: The non-compact mirror Calabi-Yau W, as an Sl x IR fibration over the base of the 
elliptically fibered Bg. At the points Zi different cycles of the elliptic fiber of Bg are shrinking while 



at 2* the sl shrinks. 



2.3.2 3-CycIes in W 



Mirror symmetry maps the even homology of M to the odd homology of W. Since W is 
simply connected the only odd homology elements of W are the 3-cycles of the following 
type 0: 



Sl X S'^: Here S"^ = C is a curve in Bg and Sl is the non-trivial cycle of the S^ x M 
fibration. There are eight such cycles on which the holomorphic 3-form fi^^^ is non- 
zero: Sl X Ci, i = 1 ... 8 with Ci given in (^ corresponding to the roots of the E^ root 
lattice embedded in H2{Bg). 

S^: There are two such (linearly independent) cycles. They are formed by Sl x S^ 
fibered over intervals Xi 2 such that S^ shrinks on one end of the interval and Sl shrinks 
at the other side. 

T^: There are again two (linearly independent) cycles of this type. These are formed 
by 5"^ in the Six IR fibration and a torus in the Bg . The torus in the Bg is formed from 
the circle surrounding the position of the degenerate fibers on the base and a 1-cycle 
of the elliptic fiber. 
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2.3.3 String junctions from 3-cycles 

Let 71 : Bq = X ^ JP^ he an elliptic fibration. We denote by E^ = n^^(z^), as discussed 
before, a fixed non-degenerate elliptic fiber. The section e : JP^ ^ A" is such that e(P^) = B 
with B^ = —1. The three-cycles in the non-compact Calabi-Yau threefold W are of the form 
C X Si, where C is a curve in Bg with a boundary such that C H E^, = dC E Hi{E^, Z). With 
any such curve C E X we can associate a junction Jc living on the base B, 



e{n{C)). 



(28) 



If dC = 0, the corresponding junction has no asymptotic charge and has support only on 
the 7-branes, the positions of the degenerate fibers. When dC = {p,q) G Hi{E^.,'L) the 
corresponding junction has asymptotic charge (p, q) on the D3-brane, the position of E^ on 
the base. 

We summarize the mirror symmetry map between the homology of iSg and the 3-cycles of 
the mirror Calabi-Yau W in the following table. Xi and X2 represent curves on the base from 
Zi and 2:12 to z^ respectively. 5 is the path encircling the 7-branes. S"^ and S\, are the two 
basis 1-cycles of the elliptic fiber. 



H,(S9) 


H3(W) 


j2,10 


A(S) 


= k^^'^ 


Ci, i = 1...8 


S' X Si 


= QxSl 


a 


ITii 


= Icdz'f 


B 


S' 


= Ji X {S^ X Si) 


3-1 = X[i,o] 





= i::dz§[i,o/f 


F 


J3 


= 6x S^ X Si 


5(0,1) 


r 


= §& dz /[o^i] Y 


B9 


S' 


= i2y<{shxsl) 


X[0,1] 


0D 


= /^t2^^i'[o,i] V 


0-cycle 


j3 


= 5x ShxSl 


^(-1,0) 


td 


= /.^^/[-i,o]T 



The following table shows the del Pezzo surfaces and the corresponding dual 7-brane config 
ur at ions: 



Complex surface 


Brane Configuration 


Algebra 


Bo = IP' 


X[6,-l]X[_3,l]X[o,l] 


Eo 


B^ = p2^]p' 


X[6,-l]X[_3,l]X[o,l] 


h = «Ti) 


Bi = P^ X pi 


X[i_i]X[i^i]X[i _i]X[i _i] 


El = sui2) 


Bn>i = < 


' p2^p'#...#]p' 

N 

(P^ xpi)#p'#...#p' 

i N-l 


( A^X[6_i]X[_3^i]X[o,i] 

< 

[ A^-i(X[i,_i]X[i,i])2 


En 
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3 String junctions and Vector bundles 

3.1 Bg and Eg 

We map the equivalence classes of sheaves on Bg to string junctions with support on the Eg 



7-brane configuration. Recall that in [B^ the map between curves and junctions of zero q 



charge living on Eg 7-brane configuration was given. According to that map a curve 

8 

S = ^ W + ds(S + F) + cFe H^iBg, Z), (29) 

i=l 

corresponds to a family of junctions 

8 

Js(m) = ^W + dsa;P + c5(°'^) + m5(-i'°), mGZ. (30) 

Different values of m correspond to different bundles on S. We denote by Oj^lm) a (torsion 
sheaf whose restriction to its support is a) bundle on Sigma with ch.{Os{m)) = (0 , S , m + 
^ds). A D2-brane wrapped on B maps to a D4-brane wrapped on Bg after T-duality, which 
we will interpret as an SL{2, Z) transformation by 5". Therefore we require that the map 
between the junctions and bundles should satisfy the following conditions: 

• The rank of the bundle JF is the g-charge of the corresponding junction. 

• The degree ds of the first Chern class S of the bundle, is the p-charge of the junction. 

. (^,^) = -#(J^-J^). 

By equating the two scalar products and requiring that they be equal for all (r, ds) = {q,p) 
we get a unique map between the bundle data and the junction data. It follows that a bundle 
JF with 



ch(J-) = (r,S,k), E = ^W + dE(5 + F) + cF, (31) 

corresponds to the junction 

J^ = E-=i K^' + d^^P + c,j(0'i) + rcc;'? - (r + k + ldj:)5^-^'''l (32) 

3.2 Bn and En 

The map between K{B]\f) and En for A^ < 9 follows from the above map. Blowing down an 
exceptional curve corresponds to removing a X[i o] 7-brane of the Eg 7-brane configuration. 

12 



corresponds to 



By this process we not only decouple the string junction with support on that brane but we 
also lose the 5^^'^^ string junction. It then follows from (|32D that a class JF g K{Bn) such 
that 

N J 

ch(^) = (r,S,k), ^ = Y^X,uj^--^KB,eH2{BN,T), (33) 

N 1 

iT = Y. W + dsu;^ + ro;'? - {r + k + -dsj^^-^'^) . (34) 

where r + k + |ds = x(-^) is the Euler-Poincare characteristic of JF. K{Bn) is an abelian 
group, the inverse of JF is — JF and the associated junction is — Jjr. With this identification 
we get 

(^i,^2) = -*(J^i-J^J. (35) 



3.3 Genus of the junction and dimension of the moduh space 

Let JF be a stable holomorphic vector bundle on Sg with ch(jF) = (r, S, k) such that 
gcd(r, ds) = 1. We denote the corresponding special Lagrangian 3-cycle in the mirror Calabi- 
Yau and the BPS junction by Cjf and ijr respectively. The dimension of the moduli space 
A^(r, S, k) of the vector bundle is — (JF, JF) + 1 while the moduli space is empty if (JF, JF) > 1 
[l|, ^. From the correspondence with junctions we see that [^| 



dim M{i,T.,]l) = #(J^-J^) + 1 . 

= 2^-2 + gcd(r,ds) + 1 = 2(7, ^ ^ 

where g is the genus of the curve associated with the junction. This is in agreement with 
Vafa's conjecture P9 that the map between the 3-cycles and the vector bundles should be 



such that 

H\End T) = H'{C^, W). (37) 

It follows from the above identification that 

(^, ^) = ELoi-'^ydim ExtX^, ^) = Ehoi-'^ydim i/^(End ^) 

= Eloi-^Ydim H\C:f, W) = ELo(-I)^^* (38) 



and therefore 



dimA^(r,S,k) = -(J^,J^) + 1 

= -x{Cr)=2g. ^^^> 
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We summarize the results of this section in the following table. Ox is the structure sheaf of 
the manifold X and is the trivial rank one bundle corresponding to a D4-brane wrapped on 
X. Oslm) and Ox are the torsion sheaf and the skyscraper sheaf respectively. 



D-branes 


J^ 


ch(^) 


string junction 


D4-brane 




(1,0,0) 


Lj" - 5(-i'°) 


D2-brane + mDO-branes 


Oj:{-m),m G Z>o 


(0,S,ids-m) 


Js(m-ds) 


DO-brane 


Ox,xeBN 


(0,0,-1) 


5(-i,o) 



3.4 Fourier-Mukai transform and SL(2, 7.) 



on Bq 



X can be 



In this section we will show that a Fourier-Mukai transformation |TB 

identified with an SL{2, Z) transformation by S" = f ° ~g j on the dual 7-brane background 



E, 



9- 



Let JF be a complex of sheaves [] on tt : X ^ P^ such that ch(jF) = (r, S,k). The Fourier- 
Mukai transform S maps this to a complex of sheaves S(JF) on X, where tt : X ^ P^ is the 
dual elliptic fibration. Let S be the Fourier-Mukai transform which maps Q, a complex of 
sheaves on X with ch(^) = (r, E, k), to S(^), a complex of sheaves on X. The Chern classes 
of these complexes are given by 



and 



cho(S(^)) 
chi(S(^)) 
ch2(S(^)) 



cho(S(^)) 
chi(S(^)) 
ch2(S(^)) 



r = 



-w(S) + (ds - i)B + {k + #(S ■ B) + idsjF, 



(40) 



# 



(S-i?) 



ir 



r' = 
k': 



w-i(S) - (d. 



+ r)S + {k-#(S-5)-idg}F, 



(41) 



# 



(S-5) 



where w : H2{X,Z.) -^ H2{X,Z.) is an automorphism induced by isomorphism between X 
and X. This automorphism is such that w{B) = B and w{F) = F, therefore it corresponds 
to a Weyl transformation on the Eg root lattice, r^;^ C H2{X, Z). 

^String junctions related by branch cut moves are physically equivalent. To a given (r, S,k) there corre- 
sponds a family of string junctions related to each other by branch cut moves. Since as shown in |Q only 
the image of the complex in the K-theory group is physically relevant, this image is sufficient to construct a 
member of the corresponding family of string junctions. These aspects of string junctions and their relation 
with derived categories is under investigation. 
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Thus we see that 



d^,\ /O -1\ /dE\ fd^'\ fO -l\^d'^^ .^2) 



and 



1 OMr/' \ t' J VI OMr 



ch(S(S(J^))) = -ch(J^) (43) 

(S(^),S(^)) = (S(^),S(^)) = (^,^). (44) 



If we denote the junction corresponding to JF by Jjf, thenQ 



0) 



Js(^) = -ELiw(Af)cu'-rcuP + dsa;« + {r + k-ids}<5(°'^)+#(S-S)<5(-i 



0) 



and 



Jg = E-=iAfw' + dg^P + ra;'' + #(S-5)5(°'i)-(f + k+idg)5(-^'°), (45) 

Js,c, = E-=iW-'(Af )a;* - fa;P + d^^'' + {f + k + id^^j^^O'^) + {#(£ ■ 5) +i}5^-'^^l 



It is straightforward to show that Js{j^) and Jg^c) ^'^^ obtained from Jjc- and 3^ respectively 

by a global 5*1/(2, Z) transformation by .S = ( -^ ~q J and branch cut moves inducing the Es 
Weyl transformation w. The branch cut moves, however, are different for 3s(t) and Jg/A 
and correspond to different Weyl transformations of afiine Eg ^^ . Therefore we see that the 



Fourier- Mukai transform is the S-duality transformation of the type IIB 7-brane background 



Eg, and the sign ambiguity referred to in [^4|, ^ is required for the proper identification 
between junctions and vector bundles. 
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15 



References 

[1] E. Witten, Small Instantons in String Theory, Nucl. Phys. B460 (1996) 541-559, |hep- 



rli ■).-.ll(i;;(i . 



[2] O. J. Ganor, A. Hanany, Small Eg Instantons and Tensionless Non-critical Strings, 
Nucl. Phys. B474 (1996) 122, |hep-th/ 9602120 . 



[3] N. Seiberg, E. Witten, Comments on String Dynamics in Six Dimensions, Nucl. Phys. 
B471 (1996) 121, |hep-th/96030"03 . 



[4] E. Witten, Phase Transitions In M-Theory And F-Theory, Nucl. Phys. B471 (1996) 
195, [Eep-th/9603150 . 



[5] D. R. Morrison, C Vafa, Compactifications of F-Theory on Calabi-Yau Threefolds-II, 
Nucl. Phys. B476 (1996) 437-469, |hep-th/9603l61| . 

[6] O. J. Ganor, A Test Of The Chiral Eg Current algebra On A 6D Non-Critical String, 
Nucl. Phys. B479 (1996) 197-217, |hep-th/96070'^ ; 



O. J. Ganor, Toroidal Compactification of HeteroticdD Non-Critical Strings Down to 
Four Dimensions, Nucl. Phys. B488 (1997) 223-235, |hep-th/9608"T09| . 



[7] O. Ganor, D. Morrison and N. Seiberg, Branes, Calabi-Yau Spaces, And Toroidal Com- 
pactification Of The N=l Six-Dimensional Eg Theory, Nucl. Phys. B487 (1997) 93, 
hep-th/9610251| . 



S. Katz, P. Mayr, C. Vafa, Mirror symmetry and Exact Solution of 4D N=2 Gauge 
Theories I, |hep-th/9706TTD| . 



[9] C. Vafa, Evidence for F-Theory, Nucl. Phys. B 469 (1996) 403, |hep-th/9602022 



[10] A. Sen F-theory and Orientifolds, Nucl. Phys. B475 (1996) 562-578, |hep-th/9605150 



[11] T. Banks, M. R. Douglas, N. Seiberg Probing F-theory with Branes, Phys. Lett. B 387 
(1996) 278-281, |hep-th/ 9605 199 . 



[12] M. R. Douglas, S. Katz, C. Vafa, Small Instantons, del Pezzo Surfaces and Type I' 
theory, Nucl. Phys. B497 (1997) 155-172, |hep-th/960907Tl . 



[13] S. Katz, A. Klemm, C. Vafa, Ceometric engineering of Quantum Field Theories, Nucl. 
Phys. B497 (1997) 173-195, |E^-th/9609239| . 



[14] A. Klemm, P Mayr, C. Vafa, BPS States of Exceptional Non- Critical Strings, [hep- 
th/9607139|. 



16 



[15 
[16 

[1?: 

[18 
[19 

[20' 
[21 
[22 
[23 
[24 
[25 



W. Lerche, P. Mayr, N. P. Warner, Non- Critical Strings, Del Pezzo Singularities And 
Seiherg-Witten Curves, Nucl. Phys. B499 (1997) 125-148, |Ei^-th/9612085[ 

D. Hernandez Ruiperez, J. M.Munoz Porras, Structure of the Moduli space of Stable 
Sheaves on elliptic fibrations, [math. AG/98090 19| ; 



D. Hernandez Ruiperez, Private communications. 

M. Bershadsky, V. Sadov and C Vafa, D-branes and topological field theory, 
Nucl. Phys.. B463 (1996) 420, |hep-th/951122^ . 



Duiliu-Emanuel Diaconescu, J. Gomis, Fractional Branes and Boundary States in Orh- 



ifold Theories, |Eep-th/ 9906242 . 



J. Harvey, G. Moore, On the algebra of BPS States, Commun. Math. Phys, 197 (1998) 
489-519, |hep-th/96090T7 . 



C. Vafa, E. Witten A Strong Coupling Test of S- Duality, Nucl. Phys. B431 (1994) 3-77, 
|hep-th/9408"07^ . 



J. Minahan, D. Nemeschansky, C. Vafa and N. Warner, E-Strings And N=4 Topological 
Yang-Mills Theories, Nucl. Phys. B527 (1998) 581, |hep-th/9802TB^. 



B. V. Karpov, D. Y. Nogin, Three- Block Exceptional Collections Over Del Pezzo Sur- 
faces, |alg-Keom/9703027 . 



E. Zaslow, Solitons and Helices: The Search for a Math-Physics Bridge, Commun. Math. 
Phys. 175 (1996) 337-376, |hep-th/9408T33| . 

S. Cecotti, C. Vafa, On Classification of N'=2 supersymmetric theories, Commun. 
Math.Phys 153 (1993), 569-644, |hep-th/92110"97| . 



E. Witten, Bound states of strings and p-branes, Nucl. Phys. B460 (1996) 335, [hep- 
th/9510135| ; 



O. Aharony, J. Sonnenschein, S. Yankielowicz, Interactions of strings and D-branes from 

M theory, Nucl. Phys. B474 (1996) 309, |hep-th/9603009| ; 

J. H. Schwarz, Lectures on Superstring and M-theory dualities, |hep-th/9607201|; 

J. H. Schwarz, An SL(2,Z) multiplet of type IIB superstrings, Phys. Lett. B360 (1995) 

13, |hep-th/9508143| . 



A. Mikhailov, N. Nekrasov, S. Sethi, Ceometric Realization of BPS States in N 
Theories, Nucl. Phys. B531 (1998) 345-362, |hep-th/9803T4^ . 



[27] A. Hanany and E. Witten, Type IIB Superstrings, BPS Monopoles, and three- 
dimensional gauge dynamics, Nucl. Phys. B492 (1997) 152, [hep-th/9611230| . 



17 



[28] O. De Wolfe and B. Zwiebach, String junctions for arbitrary Lie algebra representations 
|hep-th/98042iq . 



[29] O. DeWolfe, A. Hanany, A. Iqbal, E. Katz, Five-branes, Seven-branes and Five- 
dimensional En field theories, JHEP 9903 (1999) 006, |hep-th/9902T79| . 



[30] A. Sen, B. Zwiebach, Stable Non-BPS States m F-Theory, |hep-th/9907T64 . 



[31] O. DeWolfe, Affine Lie Algebras, String Junctions And 7-Branes, |hep-tli/9809026| . 



[32] O. DeWolfe, T. Hauer, A. Iqbal and B. Zwiebach, Uncovering the Symmetries on [p,q] 
7-branes: Beyond the Kodaira Classification, [hep-th/9812028| . 

[33] O. DeWolfe, T. Hauer, A. Iqbal and B. Zwiebach, Uncovering Infinite Symmetries on 
[p,q] 7-branes :Kac-Moody Algebras and Beyond, [iep-th/9812209| . 

[34] M. R. Gaberdiel, T. Hauer, B. Zwiebach, Open string-string junction transitions, Nucl. 
Phys. B525 (1998) 117-145, |h^-th/9801205i , |hep-th/9907i64 . 



[35] C. Vafa, Lectures on strings and Dualities, |hep-th/9702201t R. Dijkgraaf, Les Houches 



Lectures on Fields, Strings and Duality, |iep-th/9703136 



[36] A. Strominger, S. T. Yau, E. Zaslow, Mirror Symmetry is T-duality, Nucl. Phys. B479 
243-259, |hep-th/960604q . 



[37] N. C Leung and C Vafa, Branes and toric geometry. Adv. Theor. Math. Phys. 2 (1998) 
91, [Ei^-th/9711013| . 



[38] D. Morrison, The Geometry Underlying Mirror Symmetry, Proc. European Algebraic 
Geometry Conference (Warwick, 1996), |alg-geom/9608006| . 



[39] C Vafa, Extending Mirror Conjecture to Calabi-Yau with Bundles, [hep-th/9804131 



[40] T. Bridgeland, Fourier-Mukai Transforms For Elliptic Surfaces, |alg-geom/9705002 . 



[41] D. Huybrechts, M. Lehn, The Geometry of Moduli Spaces of Sheaves, Aspects of Math, 
Vol E31, Braunschweig, Wiesbaden: Vieweg 1997. 

[42] O. DeWolfe, T. Hauer, A. Iqbal and B. Zwiebach, Constraints on the BPS spectrum of 
M = 2 D=4 Theories with A-D-E Flavor Symmetry, Nucl. Phys. B534 (1998) 261-274, 
|hep-th/9gim2q . 

[43] T. Hauer, A. Iqbal, B. Zwiebach, to appear. 

[44] E. R. Sharpe, D-Branes, Derived Categories and Grothendieck Groups, |hep-th/9902116 . 



18 



[45] P. S. Aspinwall, R. Y. Donagi, The Heterotic String, the Tangent Bundle, and Derived 
Categories, Adv. Theor. Math. Phys, 2 (1998) 1041-1074, |hep-th/ 9806094 . 



19 



